Abstract. It is shown how one can do symplectic reduction for locally conformal symplectic manifolds, especially with an action of a Lie group. This generalizes well known procedures for symplectic manifolds to the slightly larger class of locally conformal symplectic manifolds. The whole setting is very conformally invariant.
Introduction
The geometry of locally conformal symplectic (l.c.s. for short) structures generalizes the symplectic geometry. Such structures occur naturally in the theory of Jacobi manifolds, as any even-dimensional leaf of the distinguished foliation of a Jacobi manifold is l.c.s., cf. [2] . In particular, any transitive even-dimensional Jacobi manifold is actually an l.c.s. manifold. The l.c.s. manifolds may be regarded as natural phase spaces in the Hamiltonian mechanics ( [8] ). For instance, in [9] the symmetry of the Lyapunov spectrum in locally conformal Hamiltonian systems is studied. The authors of [9] present several examples and show that Gaussian isokinetic dynamics, Nosé-Hoovers dynamics and other systems can be viewed as locally conformal Hamiltonian systems.
The aim of this note is to show that, in regular cases, the symplectic reduction is possible for l.c.s. manifolds. The most abstract reduction principle states that every coisotropic submanifold of a symplectic manifold is foliated by isotropic leaves and if the leaf space is a manifold it carries again a symplectic structure. In the paper of Marsden and Weinstein [7] it has been formalized the fact that if an ndimensional symmetry group acts on a Hamiltonian system then the number of degrees of freedom can be reduced by n, and the dimension of the phase space is reduced by 2n (the position and the momentum coordinates). We show that this is still true for l.c.s. manifolds. Moreover the reduction process preserves the conformal equivalence class of an l.c.s. structure. An open problem is how to treat singular reductions (cf. [1] ) in the l.c.s. case.
Locally Conformal Symplectic Manifolds
For a closed 1-form ω ∈ Ω 1 (M ) and a vector field X ∈ X(M ) we define
X remain true. Moreover one has the derivation like formulas
A locally conformal symplectic manifold is a triple (M, Ω, ω), where Ω ∈ Ω 2 (M ) is non-degenerate, ω ∈ Ω 1 (M ) is closed and d ω Ω = 0. If dim(M ) > 2 then ω is uniquely determined by Ω. Two l.c.s. structures (Ω, ω) and (Ω , ω ) are called conformally equivalent (we will write (Ω, ω) ∼ (Ω , ω )) if there exists a positive function a such that Ω = 
Then there exists, up to conformal equivalence, a unique l.c.s. structure (Ω, ω) on M with (Ω, ω)| U ∼ (Ω U , ω U ) for all U ∈ U. It can be constructed as follows. For every pair U, V ∈ U there exists a function a U V :
In other words {a U V } is a 1-cocycle in theČech-cohomology of the sheaf C ∞ (·, R + ). Since this sheaf is fine, and hence acyclic, every cocycle is a coboundary, that is there exist functions
we denote the group of all diffeomorphisms M , which preserve (Ω, ω) up to conformal equivalence. The corresponding Lie algebra of vector fields is
cf. [4] . C ∞ (M, R) becomes a Lie algebra with the following bracket
Here denotes the inverse of , where : T M ∼ = T * M given by X → i X Ω is a canonical vector bundle isomorphism since Ω is non-degenerate.
We have
is a subalgebra of X(M, Ω, ω), and
is, up to a sign, a central extension of Lie algebras. Here H * d ω (M ) denotes the cohomology with respect to the differential d ω , especially
a Ω and ω = ω + da a , then {f, g} = 1 a {af, ag}. Moreover one has {f g, h} = f {g, h} + {f, h}g − f gL ω h.
Reduction for l.c.s. structures
We begin with the following general definition of reduction essentially due to Marsden and Ratiu [6] .
Definition. Let (M, Ω, ω) be an l.c.s. manifold, and let {., .} M be the corresponding bracket on
, where i : L ⊂ M is a submanifold and E is a vector subbundle of T M | L , is said to be a reductive structure if the following is fulfilled:
(1) E ∩ T L is tangent to a foliation of L whose leaves are the fibers of a submersion π : L → P L ; (2) i * ω(X) = 0 for any X tangent to the fibers of π; and
is called a reducible triple if there is an l.c.s. structure (Ω,ω) on P L with the Poisson bracket {., .} P L such that for any local C ∞ functions f, g on P L , and any local extensions u, v of f • π, g • π respectively, such that both d ω u and d ω v vanish on E one has the relation
(P L ,Ω,ω) is then a reduced l.c.s. manifold.
A standard reductive structure arise in the following situation. Let (M, Ω, ω) be an l.c.s. manifold such that for a submanifold i :
As in the symplectic and Poisson case [6] we have Proposition 1. Let (M, Ω, ω) be an l.c.s. manifold and suppose (L, E) is a reductive structure. Then (M, L, E) is a reducible triple if and only if
e. the conformal equivalence relation is preserved.
Consequently, by the definition of reducible triple, we have
This gives the relation ( * ).
Conversely, suppose ( * ) is fulfilled and let
which will ensure that (M, L, E} is a reducible triple. The only thing to check is the independence of the choice of u and v. Ifũ also extends f • π withũ(x) = 0 and
By the antisymmetry the definition is also independent of the choice of v.
The second assertion is obvious.
The Moment Mapping
Let G be a finite dimensional Lie group acting from the left on M . We will write l g : M → M for the action of the element g ∈ G. For the fundamental vector fields ζ X we have
In the sequel we will always assume that G acts symplectically, i.e. l g ∈ Diff ∞ (M, Ω, ω) for all g ∈ G. If G is connected this is equivalent to ζ X ∈ X(M, Ω, ω) for all X ∈ g, where g is the Lie algebra of G. Then for every g ∈ G there exists a positive function a g on M , such that l *
ag Ω with respect to X ∈ g, one obtains
Proposition 2. Let G be a connected Lie group, and suppose the g-action is Hamiltonian, i.e. ζ X ∈ Ham(M, Ω, ω) for all X ∈ g. Letψ : g → C ∞ (M, R) be a linear lift of ζ, that is d ωψ (X) = ζ X , for all X ∈ g. Moreover let ψ : M → g * be defined by ψ(x), X =ψ(X)(x), where X ∈ g and x ∈ M . Then the following conditions (1)ψ is a homomorphism of Lie algebras, (2)ψ is equivariant, i.e.ψ(
So (1) is equivalent to (3), and since G is connected (3) is equivalent to (2) . Notice that since the action is Hamiltonian we have c X = 0 and so (3) is really the infinitesimal version of (2). Moreover (4) is obviously equivalent to (5). Next we haveψ(− ad Y X)(x) = − ad * Y ψ(x), X , and
and thus (5) is equivalent to (3).
A mapping ψ as in Proposition 2 is called a moment mapping, and it is called equivariant if the five equivalent conditions are satisfied. 
Lie Group Actions and Reduction
Let G be a finite dimensional Lie group acting symplectically on an l.c.s. manifold (M, Ω, ω). Assume that we have an equivariant moment mapping ψ. The vector fields Z ∈ X(M ) which are Ω-orthogonal to the orbits of G span an involutive distribution on M . Indeed, since we have
. Suppose L is a maximal connected submanifold of M which is tangent to this distribution, more precisely
Let g L := {Y ∈ g : ad * Y ψ(x 0 ) = 0}, which does not depend on x 0 ∈ L. By the equivariance of ψ, these are precisely those Y , for which ζ Y is tangential to L. Since L is maximal, the connected subgroup of G corresponding to g L leaves L invariant. Theorem 1. Let G be a finite dimensional Lie group acting symplectically on an l.c.s. manifold (M, Ω, ω) and assume that the action admits an equivariant moment mapping ψ. Suppose L is a maximal connected submanifold of M with
⊥ . Let G L be a subgroup of G which preserves L and has g L as Lie algebra, and assume that G L acts freely and properly on L. Then
, where i : L → M denotes the inclusion and π : L → P L denotes the projection.
Proof. Since the action is free and proper π : L → P L is a principle G L -bundle. Let U be an open covering of P L and, for U ∈ U, let s U : U → L be local sections of π.
* Ω vanishes on vertical vectors we get
, and therefore a(gx) = 1 ag(x) a(x), where we used a hg (x) = a g (x)a h (gx). From this we obtain
i.e. π * ω
Remains to check this equation on 'horizontal' vector fields. Since f (s U (z)) = e we have s * U a = 1 and thus
If V ∈ U then we get
By the construction described in the first paragraph, we obtain a unique l.c.s.
for all U ∈ U and hence π * (Ω,ω) ∼ i * (Ω, ω). Uniqueness is also clear, for if (Ω , ω ) is any l.c.s. structure on P L with π
and so (Ω , ω ) ∼ (Ω,ω).
Moreover, ψ is an equivariant moment mapping for (Ω, ω) iff 1 a ψ is an equivariant moment mapping for (Ω , ω ). Since the orthogonal relation is the same for both l.c.s. structures a submanifold L satisfies the conditions of Theorem 1 for (Ω, ω) iff it does for (Ω , ω ). Moreover we have g L = g L . So the reduced spaces (P L , Ω, ω) and (P L , Ω , ω ) are the same, up to conformal equivalence.
Let a ∈ C ∞ (M, R) be such that ω = da a , locally around x 0 ∈ L. Then L locally given as {x :
is symplectic, i.e. ω = 0, then this construction yields of course ordinary symplectic reduction ( [7] , [3] ).
Examples
Let G be a discrete group acting freely and properly on an l.c.s. manifold (M, Ω, ω), such that l g ∈ Diff ∞ (M, Ω, ω) for all g ∈ G. Then g = 0, ψ = 0 is an equivariant moment mapping, and the only possible choice for L is L = M . If we choose G L = G then P L = M/G carries an l.c.s. structure. Notice that even if we start with a symplectic manifold, M/G need not be conformally equivalent to a symplectic manifold. For example let (M, Ω, ω) be an l.c.s. manifold, let π :M → M be a normal covering such thatω := π * ω becomes exact, and set Ω := π * Ω. Then (M ,Ω,ω) is conformally equivalent to a symplectic manifold and G, the group of deck transformations, satisfies l g ∈ Diff ∞ (M ,Ω,ω) for all g ∈ G.
Obviously P L =M /G = M and (Ω,ω) ∼ (Ω, ω). The smallestM one can take is the covering corresponding to the kernel of the homomorphism π 1 (M ) → R, σ → σ ω.
Another example is connected with physical applications. In [9] the following l.c.s. reduction is applied in several dynamical systems. Let (M, Ω, ω) be an l.c.s. manifold, and f ∈ C ∞ (M, R) be a Hamiltonian function. One considers F = df and a smooth level set M c = {x ∈ M : f (x) = c}, and one assumes that f does not vanish on M c . Then one obtains a reduced l.c.s. structure onM c = M c /F . This structure enables to get a conformally symplectic transversal derivative cycle. Then some symmetries of the Lyapunov spectrum of this cocycle appear. For details, see [9] .
H leaves L invariant. Then the H-action descends to a symplectic action on P L , which has an equivariant moment mapping naturally induced from ψ H .
